We present new functional equations for the species of plane and of planar (in the sense of Harary and Palmer, 1973) 2-trees and some associated pointed species. We then deduce the explicit molecular expansion of these species, i.e. a classification of their structures according to their stabilizers. There result explicit formulas in terms of Catalan numbers for their associated generating series, including the asymmetry index series. This work is closely related to the enumeration of polyene hydrocarbons of molecular formula C n H n+2 .
Introduction
We define recursively the class a of 2-dimensional trees (in brief 2-trees) as the smallest class of simple graphs such that 1. the single edge is in a, 2 . if a simple graph G has a vertex x of degree 2 whose neighbors are adjacent and such that G − x is in a, then G is in a.
One can see that a 2-tree is essentially composed of triangles (complete graph on 3 vertices) glued together along edges in a tree-like fashion.
Note that all 2-trees are planar simple graphs. However, by a planar 2-tree, we mean here a 2-tree admitting an embedding in the plane in such a way that all faces (except possibly the outer face) are triangles, and we call plane 2-tree a 2-tree equipped with such an embedding. This terminology agrees with Harary and Palmer [8] . In Figure 3 , we show a correspondence between plane 2-trees and (unrooted) triangulations of polygons in the plane which is also a correspondence between planar 2-trees and (unrooted) triangulations of polygons in space (no orientation), also known as triangulations of the disc, see [4] . Figure 1 gives an example of an unlabelled and a triangle-labelled planar 2-tree, Figure 2 shows two different plane 2-trees which are in fact the same planar 2-tree since they are isomorphic simple graphs. We point out the work of Palmer and Read, [15] , who enumerate plane embeddings of 2-trees without any condition on the faces, and which they also call plane 2-trees. Planar 2-trees (in our sense) are closely related to acyclic polyene hydro-carbons of molecular formula C n H n+2 (planar trees in the hexagonal lattice); see [5] . We follow the approach of Fowler and al. in [6, 7] for general 2-trees. However, we go further here, giving explicitly the molecular expansion of plane and planar 2-trees, which could not be done in the general case. This is a stronger result than simple labelled and unlabelled enumeration since it gives a classification of the different structures according to stabilizers. For instance, it permits us to have an explicit enumeration of the symmetric and asymmetric parts of these species. Moreover, we obtain closed formulas for all coefficients appearing in these expansions.
To derive these results we use functional equations in the context of the combinatorial theory of species and deduce the molecular expansions and all the associated series. In the following, we label 2-trees at triangles and we denote by X the species of singletons, i.e. of simple triangles. Recall that a combinatorial species is a class of finite labelled structures, closed under relabelling along bijections. To each species F we associate series : F (x), the exponential generating series of labelled structures; F (x), the ordinary generating series of unlabelled structures; F (x), the generating series of unlabelled asymmetric structures; Z F and Γ F , the cycle and asymmetry index series. The usual shapes of these series for any species F are as follows where f n , f n and f n are the numbers of labelled, unlabelled and unlabelled asymmetric Fstructures respectively, over an n-element set, and f n 1 ,n 2 ,... is the number of F -structures left fixed under a given permutation of cycle type 1 n 1 2 n 2 . . .. For a definition of the asymmetry index series, see [3] .
To illustrate the notion of molecular expansion, we give here the first few terms of this decomposition for the species a π of plane 2-trees (Eq. (5) and Figure 4 ) and a p of planar 2-trees (Eq. (6) and Figure 5 ). As usual, E n denotes the species of n-element sets and C 3 , of 3-element (oriented) cycles. For complete explicit expansions see Theorem 7 for plane 2-trees and Theorem 12 for planar 2-trees.
Figure 4: First terms of the molecular expansion of the species a π of plane 2-trees
. . . . . . . . . The expansion of a p involves species P bic 4 (X, Y ) and P bic 6 (X, Y ) that are described in Section 2. They are two-sort variants of the species of P bic 2n introduced by J. Labelle in [14] . In this paper, we call degree of an edge of a 2-tree, the number (less than or equal to 2) of triangles to which it belongs. Let us introduce the auxiliary species A which can be defined as follows:
• A represents the species of plane 2-trees pointed at an external edge, i.e. an edge of degree at most 1,
• A is isomorphic to the species of planar 2-trees pointed at an external edge equipped with an orientation,
• A is characterized by the functional equation
illustrated in Figure 6 .
Note that the species A can also be viewed as the species of rooted triangulations of polygons. This species is fundamental for the following and we will use it several times. We can see that it is asymmetric, i.e. the automorphism group of each of its structures is trivial; thus the molecular expansion and the associated series have the same coefficients in their expression. As expected, these coefficients are the Catalan numbers.
Proposition 1. The molecular expansion of the species
where
Proof. The formula for c n follows directly from a simple application of the Lagrange inversion on the relation (7). It can also be computed by expanding in series the algebraic solution
n , we work with the unlabelled generating series. First, we remark that
where ⌊·⌋ represents the floor function. This formula is easily shown by recurrence on k distinguishing two cases depending on the parity of k and using the fact that A 2 (x) = 1 x (A(x) − 1), which follows from (7). Next, extracting the coefficient of x n in this expression gives the result. The second expression for c
n is obtained by a simple application of the composite Lagrange inversion formula on equation (7) .
In order to lighten notations, we slighty extend the definition of the Catalan numbers as follows:
In other words, c n is the ususal Catalan number if n is a nonnegative integer, and 0 otherwise. We will use two dissymmetry formulas, analogous to the case of classical 2-trees (see Fowler and al. in [6, 7] ); the same proof applies in the case of plane and planar 2-trees and is omitted. 
and
where the exponents −, △ and △ represent the pointing of 2-trees at an edge (Figure 7a ), at a triangle ( Figure 7b ) and at a triangle with one of its edges distinguished (Figure 7c ). The rest of the paper is organized as follows. In the next section, we introduce and study the auxiliary two-sort species P This section is devoted to the study of some particular molecular species. A molecular species M is a species having only one isomorphy type. In other words, any two M-structures are isomorphic. A molecular species is characterized by the fact that it is indecomposable under the combinatorial sum :
It is often very useful to write a molecular species in the form
where X n represents the species of lists of length n and H is a subgroup of the symmetric group S n . We write H ≤ S n . In fact, H is the stabilizer of some M-structure on [n] = {1, 2 . . . n} and n is called the degree of the species M. Two molecular species of degree n, X n /H and X n /K, are equal (i.e. isomorphic as species) if and only if H and K are conjugate subgroups of S n .
Here are some examples of molecular species
• when H = < ρ >, where ρ is the circular permutation ρ = (1, 2, . . . n), then X n / < ρ > = C n , the species of oriented cycles of length n,
• if now the group H is S n , then we have X n /S n = E n , the species of sets of size n.
We denote by M the set of molecular species. We can see easily that the first elements of this set, up to degree 3, are
Moreover, each species F can be expressed as a (possibly infinite) linear combination with integer coefficients of molecular species as follows,
where f M ∈ N represents the number of subspecies of F isomorphic to M. This development is unique and it is called molecular expansion of the species F . It is also possible to extend the notion of molecular species to the case of multi-sort species. For instance, for two-sort species, where X and Y represent the two sorts, any molecular species can be written as
is the stabilizer of an M-structure. Here, S X n represents the symmetric group of degree n for the points of sort X.
We can now introduce the auxiliary species Q(X, Y ) and S(X, Y ) which will be important in our analysis of planar 2-trees. They can be defined by Figures 8 a) and 8 b) respectively, where X stands for the sort of triangles and Y , of directed edges. These two molecular species are related to known species:
where the species P bic n (X), for n an even integer, represents the species of (vertex labelled) bicolored n-gons (see J. Labelle [14] ). More precisely, the edges are colored with a set of two colors, {0, 1}, in such a way that incident edges have different colors. We can then generalize to the two-sort species P 000  000  000  000  000  000  000  000  000  000  000   111  111  111  111  111  111  111  111  111  111  111   00  00  00  00  00  00  00  00  00  00  00   11  11  11  11  11  11  11  11  11  11 In order to completly describe the species Q and S, we have to identify their stabilizers, and so we write them in the form (20). We have
where the two groups D 2 and S 3 are characterized by their action on the labelled structures of Figure 9 :
, where s = (a)(b, c)(1, 2)(3, 6)(4, 5) and w = (a, b, c)(1, 3, 5)(2, 4, 6).
Note that s 2 = 1, w 3 = 1, sws = w 2 , and S 3
Here are the formulas giving the cycle index series and the asymmetry index series of a molecular two-sort species. 
. . . y
where c i (h) (resp. d i (h)), for i ≥ 1, denotes the number of cycles of lenght i of the permutation on X-points (resp. Y -points) induced by the element h ∈ H. Furthermore, the asymmetry index series of M is given by
where the sum is taken over all subgroups V of H, {1} is the identity subgroup of H, µ({1}, V ) denotes the value of the Möbius function in the lattice of subgroup of H and c i (V ) (resp. d i (V )), represents the number of orbits with i elements of sort X (resp. Y ) with respect to the natural action of
Proposition 2. The cycle index of the species P bic 4 (X, Y ) and P bic 6 (X, Y ) are given by
Proof. This is an easy exercise, using (23) and writing explicitly the elements of the group D 2 and S 3 : 
Proof. It suffices to determine the lattice of subgroups of D 2 and S 3 and to apply (24). Details are left to the reader.
The cycle index series of a species encompasses the two other classical enumerative series, namely the exponential generating function of labelled structures and the ordinary generating function of unlabelled structures. In a similar way, the asymmetry index series contains other series as specializations, in particular the asymmetry generating series. For the two-sort case, these series are related as follows :
Theorem 3. ([3] ). For any two-sort species F , we have
We then confirm the expressions of the generating series of the species P bic 4 (X, Y ) and P bic 6 (X, Y ). Remark 1. We have
The fact that P bic 4 (x, y) and P bic 6 (x, y) equals 0, means that these two species are purely symmetric, i.e. , their asymmetric part is reduced to the empty set.
Note that if we put Y := X k , for k ≥ 1, in the species P bic 4 (X, Y ) and P bic 6 (X, Y ), the resulting one-sort species are molecular. Indeed, the substitution of a molecular species in another one remains molecular. These two species P bic 4 (X, X k ) and P bic 6 (X, X k ), for k ≥ 1, will be essential in order to obtain the molecular expansion of planar 2-trees. Besides, we remark the fact that
since, in Figure 8 , setting Y = 1 corresponds to unlabelling the directed edges.
To end this section, let us give the derivative of the two-sort species P 
Proof. Let F (X, Y ) be a two-sort species and U and V be two sets representing the two sorts. Then, the partial derivatives, with respect to X and Y are defined by
where * is a supplementary element which is used in the construction of the F -structures. From this definition, it is easy to obtain (35) et (36).
Addition formulas
In this section, we prove some addition formulas which will be necessary to obtain the explicit molecular expansions for plane and planar 2-trees.
Proposition 5. Let B be an asymmetric species whose molecular expansion is given by
Then, we have the following addition formulas relative to the species E 2 of two-element sets and C 3 of oriented 3-cycles :
where, for a, b ∈ N, χ(a|b) = 1, if a divides b, and 0, otherwise.
Proof. First note that for any species F , the constant (i.e. of degree 0) term
is given by Z F (b 0 , b 0 , . . .), in virtue of Polya's theorem. This yields (39). An analysis of the different shapes of molecular species which can arise in E 2 (B), permits us to write the following relation
We now have to compute α k and γ k , for all k ≥ 1. Note that we can order, in the species B, the b k copies of the molecule X k , for each k ≥ 1. Then, to obtain an E 2 (X k )-structure from E 2 (B), we must take twice the same copy of X k among the b k available; otherwise the pair of B-structures will be asymmetric. Hence γ k = b k , for all k ≥ 1. In order to compute α k , we could perform a direct enumeration. However, we introduce a different method which will prove very useful in other situations. Differentiating the two members of (42), we get
Integrating back this last relation, in the realm of formal power series in X, leads us to
Identifying coefficients of X n in both sides of the last equality gives us the relation (40). To obtain (41), we first write
The same argument as used above implies δ k = b k , k ≥ 1, and the same technique of differentiating-integrating equation (43) gives the announced formula for β k . In the process, we use the fact that
where L 2 represents the species of two-element lists.
As a particular case, we have
When B = A, formulas (39)-(41) take a simpler form because of the convolutive properties of Catalan numbers, as seen in Proposition 1. For this case, the coefficients α k and β k are given by α 0 = β 0 = 1 and, for k ≥ 1,
We now give the main result of this section, addition formulas for the species P k denotes the coefficient of X k in the species B n (X), with the convention that b (n) x = 0 if the index x is fractional, for all n, k ≥ 1. Theorem 4. Let B be an asymmetric species whose molecular expansion is given by
Proof. We proceed in a similar way as in Proposition 5, beginning with an analysis of the different symmetries which can appear in structures belonging to the species P bic 4 (X, B(X)). This permits us to write (48) where all coefficients have to be determined. We first note that a iv k = c k since the only way to build a P bic 4 (X, X k )-structure from the species P bic 4 (X, B) is to take four times the same copy of the molecule X k among the b k available copies. This gives (52). Next, we consider E 2 (X k )-structures. In order to obtain such a structure from the species P bic 4 (X, B), we can take two non isomorphic X k−1 2 -structures α and β from the species B, and put them in the two differents ways shown in Figure 10 a) and 10 b) . This contributes for a term of
remembering that the two internal triangles also contribute for one X each. We can also take an X i -structure α and an X j -structure β such that i + j = k − 1 and i = j, and put them in the two different configurations drawn in Figure 10 a) and b) . In the molecular 
It leads to (50), i.e.
Let us now turn to the coefficient a
The configurations belonging to an X 2 E 2 (X k ) are shown in Figure 10 c). We then have
It remains to determine the asymmetric part of the species Q(X, B), i.e. the coefficient a ′ k of X k in the molecular expansion (48), for all k. To find it, we differentiate the relation (48) and we identify the coefficient of X k in each side. It gives the expression (49), which completes the proof. Note that we use the combinatorial derivative of a composite species F (X, B(X)). As in calculus, we have
and we can use Proposition 4.
Remark 2. We can perform a precise classification separating rotational and reflectional symmetries. Indeed, the symmetries illustrated by Figure 10 are rotational for the case a), vertically reflectional for case b) and horizontally reflectional for c).
Remark also that we could obtain the expression of a ′′′ k by identifying the coefficient of XE 2 (X k ) after deriving (48).
Theorem 5. For all asymmetric species B whose molecular expansion is
we have
where b
Proof. A precise analysis of the different symmetries arising in the species P bic 6 (X, B) permit us to write the expansion (54). We then compute all coefficients of this expression by the same method as for the species P bic 4 (X, B).
When we put B = A in the two previous theorems, the coefficients appearing in the molecular expansions of the species P 
Molecular expansion of plane and planar 2-trees
In this part, we use the dissymmetry theorem and the results of the previous section to obtain an explicit form for the molecular expansion of the species of plane 2-trees and of planar 2-trees.
Plane 2-trees
Recall that plane 2-trees are 2-trees that are embedded (drawn) in the plane in such a way that all internal faces are triangles. The dissymetry theorem gives an expression for the species a π in terms of the pointed species a 
Here, we can use the orientation of the plane to obtain simple expressions for the pointed species as function of the species A defined in the introduction, as shown in Figure 11 :
Theorem 6. The species arising in the dissymmmetry theorem for plane 2-trees satisfy
Using the expansion formulas for E 2 (A) and C 3 (A), given in Section 3, we can now compute the molecular expansion of the species a π . Theorem 7. The molecular expansion of the species a π of plane 2-trees is given by
where where X k represents the species of k-lists of triangles and c k are the usual Catalan numbers with the convention that c r = 0 if r is not an integer; see (13) .
To conclude this section we write the asymmetric part, in the sense of G. Labelle [11] , of the species of plane 2-trees :
where b k , for k ∈ N, is given by the formula (66). The species a π is not to be confused with the pointed species a − π .
Planar 2-trees
This subsection is devoted to planar 2-trees, i.e. 2-trees admitting an embedding in the plane in such a way that all internal faces are triangles. The difference here is that the embedding is not explicitely given and that reflexive symmetries are possible. In other words, planar 2-trees are viewed as simple graphs. The dissymetry theorem for the species a p of planar 2-trees yields
Moreover, we have the following expressions for the pointed species a 
Proof. We obtain the functional equations (70) and (72) by analyzing the structures according to the degree of the distinguished edge. For example, the three terms on the right hand side of (70) correspond respectively to the degrees 0, 1 and 2 of the pointed edge. This isomorphism is described in Figure 12 . In (71), the four terms correspond to the four possibilities for the number of edges of degree 2 in the pointed triangle, from 0 to 3; see Figure 13 . For (72), see Figure 14 . 
Theorem 10. The molecular expansion of the species a △ p is given by 
Using the dissymetry theorem, we are now able to put together relations (73)- (75)- (77) and give an explicit form of the molecular expansion of the species a p of planar 2-trees. Theorem 12. The molecular expansion of the species a p of planar 2-trees is given by the following formula
).
5 Enumeration formulas
Enumeration of plane 2-trees
Before obtaining the explicit enumeration of plane 2-trees, we recall some basic formulas involving index series of the species of 2-element sets (E 2 ) and of oriented 3-cycles (C 3 ) :
We will also use some substitutional laws of the theory of species : for any species F and G such that G(0) = 0 (G has no structure on the empty set), we have
where • denotes the plethystic composition on the right hand side of (86) and (87). If the species G has some structures on the empty set, i.e. G(0) = g 0 = 0, formulas (84)-(86) remain valid. However, formula (83) should then be replaced by
and there is no known general formula for Γ. Here, we only need the following formulas
Γ C 3 (G) (x 1 , x 2 , . . .) = g 0 + 1 3 (Γ 3 G (x 1 , x 2 , . . .) − Γ G (x 3 , x 6 , . . .)).
We now give the explicit enumerative formulas provided directly by the molecular expansion of the species of plane 2-trees. Proposition 6. The series associated to the species a π of plane 2-trees are given by a π (x) = 1 2 + 2 3
Z a π (x 1 , x 2 , . . .) = A(x 1 ) + 1 2 A(x 2 ) + 2 3
Γ a π (x 1 , x 2 , . . .) = 1 + x 1 + A(x 1 ) +
To recover the formulas (92), we can use the dissymmetry theorem and the next proposition giving the enumeration of the different pointed plane 2-trees. 
a △ π,n = c n+1 − c n .
Proof. To obtain these coefficients, we simply use relations (94), (95) and (97).
We now give the explicit expressions for the cycle index series of the species of plane 2-trees. 
Another method for the unlabelled enumeration
In order to obtain the unlabelled enumeration of plane and planar 2-trees, we can also use the approach of Palmer and Read in [15] . Remark first that, for any species F , we can write
where for k ≥ 1, F (k) represents the symmetric part of F of order k, i.e. the subspecies consisting of F -structures whose stabilizer is of order k exactly. In particular, F (1) = F , the asymmetric part of F .
Also note that, for G = F (k) , k ≥ 1, we have G(x) = 1 k G(x), since an unlabelled F (k) -structure of degree n can be labelled in n!/k ways. Hence
For plane 2-trees, we have a π = a π + a π,(2) + a π,(3) ,
